Time-bin qubits, where information is encoded in a single photon at different times, have been widely used in optical fiber and waveguide based quantum communications. With the recent developments in distributed quantum computation, it is logical to ask whether time-bin encoded qubits may be useful in that context. We have recently realized a time-bin qubit controlled-phase (C-Phase) gate using a 2×2 optical switch based on a lithium niobate waveguide, with which we demonstrated the generation of an entangled state. However, the experiment was performed with only a pair of input states, and thus the functionality of the C-Phase gate was not fully verified. In this research, we used quantum process tomography to establish a process fidelity of 97.1%. Furthermore, we demonstrated the controlled-NOT gate operation with a process fidelity greater than 94%. This study confirms that typical two-qubit logic gates used in quantum computational circuits can be implemented with time-bin qubits, and thus it is a significant step forward for realization of distributed quantum computation based on time-bin qubits.
I. INTRODUCTION
We have entered an era where quantum physics allows us to perform information processing tasks that would be impossible in a world governed only by classical physics [1] [2] [3] . For instance, the quantum laws of nature offer the possibility of secure communications, quantum sensing, imaging and metrology beyond the classical limit, and computing capabilities exponentially faster than any conventional digital machine. In particular, central to the operation of quantum computers are quantum bits (qubits) interacting with each other via quantum gates. A wide range of physical systems, including ion traps [4] , superconducting circuits [5] , quantum dots [6] [7] [8] , and photonic qubits based on polarization [9] [10] [11] , temporal modes [12] , and frequency modes [13] have shown themselves to be excellent qubits that can be easily manipulated and have long coherence times. In a number of these systems, quantum logic gates [14] [15] [16] [17] [18] [19] [20] [21] have been used to manipulate qubits and run small quantum algorithms. Here, while photons would seem an unusual choice for quantum computation due to the difficulty of their interacting with each other via nonlinear interactions, schemes for linear optical quantum computation using only linear optics elements and postselection have been proposed [22, 23] . In fact, two-qubit entangling gates including controlled-phase (C-Phase) [24] and controlled-NOT (CNOT) [25] gates have been demonstrated using path [26] and polarization [27] [28] [29] encoded photonic qubits.
Photons have been used for decades as information carriers in optical fibers and waveguides. The quantum internet [30] requires multiple nodes, each with the ability to perform small-scale quantum processing. Over long distances, the primary method of operating quantum networks is to use optical networks and photon-based qubits. Photonic quantum logic gates are useful for even more advanced quantum communications, such as a quantum repeater system without using quantum memories based on quantum error correction [31] . Such networks will rely on optical fiber links, making information processing. However, the polarization degrees of freedom, for instance, are difficult to preserve through such quantum channels because they are strongly affected by fluctuations in the birefringence and refractive indices of the fibers. Photons, however, possess many other degrees of freedom that could be enlisted for this task.
In such a role, however, it is important to choose the right degrees of freedom to connect to each other. Timebin qubits at telecommunications wavelengths, on the other hand, are especially promising as quantum information carriers through optical fiber. They have been used for many quantum communications tasks, including quantum key distribution over extremely long distances [32] [33] [34] . For distributed quantum computation, twoqubit logic gates for time-bin qubits are needed to entangle independent states through long optical fibers. Recently, we demonstrated the generation of an entangled state using a C-Phase gate for time-bin qubits, which is a high-speed two-input, two-output (2×2) optical switch based on a lithium niobate waveguide modulator [35] .
In this work, we experimentally implemented a two time-bin qubit C-Phase gate and fully characterized its operation through quantum process tomography (QPT). We reconstructed its process matrix, which clearly showed the C-Phase gate operation, and determined its entangling capability. Further we also demonstrated a high fidelity time-bin qubit CNOT gate using complementary computation bases. 
II. CONTROLLED-PHASE GATE FOR TIME-BIN QUBITS
An ideal C-Phase gate applies a relative π-phase shift only when both input qubits are |1 ; otherwise, it does nothing [1] . In the case of polarization qubits [24] , one realization of the C-Phase gate consists of two processes: a one-third beam splitter only for vertically polarized photons and mode-dependent attenuation to horizontally polarized photons. This scheme was demonstrated using a polarization dependent beam splitter [27] . Similar to the case of a polarization qubit gate, we design a time-bin qubit C-Phase gate operation with a modedependent attenuator (MDA) and time-dependent beam splitter (TDBS) by using a 2×2 optical switch, as shown in Fig. 1 . The 2×2 optical switch is a lithium-niobatewaveguide Mach-Zehnder interferometer (MZI) that includes an electro-optic phase modulator (PM) [36] in one of its optical paths.
Here, we introduce the concept of our C-Phase gate for time-bin qubits. First, Alice and Bob prepare timebin qubits as control and target states for the 2×2 switch, which are represented as |ψ A = n 1A |t 1 A +n 2A e iφ A |t 2 A and |ψ B = n 1B |t 1 B +n 2B e iφ B |t 2 B , respectively, where n xy denotes the amplitude of |t x y which is a positive real number, satisfying n 2 1y + n 2 2y = 1, where φ y is the phase difference between temporal positions t 1 and t 2 . Here, we encode a logical 0 (1) in the time-bin state |t 1 (|t 2 ), which is a single photon in the first (second) temporal mode. By applying a time-varying signal to the PM of the 2×2 switch, the splitting ratio changes in time. The evolution of a single time-bin qubit with the 2×2 switch is described by [36] |t k A = cos
where θ(t k ) represents the phase difference between two arms of the MZI at time t k while the indices C and D indicate the two output ports of the interferometer. For the C-Phase gate operation, we set θ(t 1 ) = 0 and θ(t 2 ) = 2 cos −1 ( 1 √ 3 ), which means that the 2×2 optical switch passes the first temporal mode and works as a one-third beam splitter for the second mode.
By performing a coincidence measurement between Charlie and David (see Fig. 1 (b)), we obtain the state
Here, only the sign of |t 2 t 2 is flipped by the C-Phase gate operation. The amplitude unbalance can be eliminated by applying 1/3 attenuations only to the t 1 mode before or after the 2×2 switch, as in the case of previous linear optics controlled gates based on polarization and spatial mode qubits [24] [25] [26] [27] . Such mode-dependent attenuations can be implemented using additional optical switches operated with phase conditions θ(t 1 ) = 2 cos −1 ( 1 √ 3 ) and θ(t 2 ) = 0, respectively, as shown in Fig. 1 . After this operation, the output state for the C-Phase gate operation is given by
From Eq. (2) and (3), because of the postselection and pre-amplitude compensation, the maximum theoretical success probability of the ideal C-Phase gate based on this scheme is 1/9 without optical component loss. This is the same success probability seen in the polarizationbased case [24, 25] .
III. EXPERIMENTAL SETUP
Our experimental setup is shown in Fig. 1 , where a 1561-nm continuous-wave (CW) light from an externalcavity diode laser is modulated into a pulse train with a 250-MHz repetition frequency using an optical intensity modulator (IM). We started with a 1.5-µm light so that we could use external modulation to generate pulses. With external modulation, we can flexibly adjust the repetition frequency of the pump pulses. In the 1.5-µm telecom band, we can use IMs developed for optical fiber communications, with which high-speed and stable modulation is possible. The pulse generator preparies the synchronized signal to drive the IM and optical switch as well as the start pulse for a time interval analyser (TIA). Thus, we can successfully synchronize the input state, 2×2 optical switch, and measurement.
The pulsed light is amplified by an erbium-doped fiber amplifier (EDFA). The amplified light is then input into a periodically poled lithium niobate (PPLN) waveguide, where a 780.5-nm pulse train is generated via second harmonic generation (SHG). A short pass filter (SPF) is placed after the PPLN waveguide to remove the input 1561-nm pulse light. The quantum correlated photon pairs are generated by pumping the type-II periodically poled potassium titanyl phosphate (PPKTP) waveguide with SHG pulse light, through the process of spontaneous parametric down-conversion (SPDC). The photons are passed through a band pass filter (BPF) with a central wavelength of 1561 nm and a bandwidth of 1.4 nm to reduce noise. By adjusting the optical variable attenuator (OVA) placed after the EDFA, the average number of correlated photon pairs per pulse was set at 0.028 [37] . The photon pairs are launched into a polarization beam splitter (PBS), where the pairs are separated into signal and idler photons and sent to Alice and Bob for them to prepare control and target time-bin qubits, respectively.
Alice and Bob launch the control and target qubits into input ports A and B of the 2×2 optical switch (EO Space). By adjusting the DC bias and RF modulation signal to the PM in the switch, the 2×2 switch works as a one-third beam splitter for the t 2 mode and passes the t 1 mode. The output photons from ports C and D of the switch are sent to the corresponding 1-bit delay interferometers of Charlie and David. The photons output from the interferometers are received by two superconducting single-photon detectors (SSPDs 57% and 62%, respectively, and the dark counts for both detectors are less than 40 cps. The coincidence count rate of the QST measurement was ∼0.12 Hz. In order to erase the polarization distinguishability of the photon pairs, polarization controllers (PC) are located in front of the input ports of the 2×2 switch, and polarizers (POL.) are placed after the outputs of the optical switch. The insertion loss of the interferometers and optical switch are approximately 2.0 and 7.7 dB, respectively.
IV. PREPARATION OF INPUT STATES
To confirm the quality of our input time-bin qubits, we first performed quantum state tomography (QST) [12, 38] for each input states without the 2×2 optical switch operation. The experimental density matrices of input state |t 1 , |t 2 , |+ , and |L , where |+ = 1 √ 2 (|t 1 + |t 2 ) and |L = 1 √ 2 (|t 1 + i |t 2 ) [12] are shown in Fig. 2 . The state fidelities are F t1 =99.9 ± 0.87%, F t2 =99.9 ± 0.87%, F + =97.9 ± 1.44%, and F L =98.2 ± 1.41% [38, 39] , respectively. The imperfections of superposition states in the fidelity include the imperfect temperature setting of the relative phase of the 1-bit delay interferometers, the dark counts, and multiphoton emission.
As discussed in section II, additional amplitude attenuation of the t 1 mode is necessary to implement the C-Phase gate with MDA. In our setup, the 1/3 amplitude attenuation operation is merged with the state preparation processes of Alice and Bob, which effectively re-duces the system loss. Here, we introduce how to prepare the time-bin qubits with methods 1, 2, 3, and 4 shown in Fig. 1(b) . First, method 1 is used to prepare single temporal state |t 1 by inserting a 1/3 attenuator (ATT) to adjust the amplitude of the t 1 temporal mode, and method 2 to prepare single temporal state |t 2 by adjusting the temporal position of a single photon with an optical delay line (DL). Methods 3 and 4 are used to prepare time-bin qubits |+ and |L by launching a photon into a 1-bit delay interferometer (fabricated using planar lightwave circuit (PLC) technologies [40] ), where the relative phase (φ y ) 0 and π/2 is adjusted by setting the temperature of the two temporal modes with a temperature controller. Since the phase setting is important for our time-bin qubit demonstration, we choose a more stable temperature controller (Newpoet: LDT-5910C-100V).
As shown in the inset surrounded by the dashed lines in Fig. 1 , the MDA is equipped with an additional MZI in the short arm of the PLC, and the amplitude attenuation is set to one-third by using an independent temperature controller at the additional MZI. In our QPT experiment, Alice and Bob need to prepare control and target input states by connecting each of the four methods to the 2×2 optical switch one by one, respectively. The prepared time-bin qubits for the input ports of 2×2 switch are represented as |ψ y ∝ 
V. CHARACTERIZATION OF THE EXPERIMENTALLY REALIZED TIME-BIN QUBIT C-PHASE GATE
The process is expressed by a superoperator E, which represents a quantum gate acting on an arbitrary input state ρ in [1, 41] :
where A m are a basis for operators acting on ρ in . The matrix χ completely describes the process of the gate operation which is a positive-definite Hermitian matrix by definition. Figure 3 For a d-dimensional system, we need to prepare d 2 pure quantum states as input and to obtain d 2 ×d 2 corresponding density matrices by performing QST [12, 38] . For our QPT experiments, Alice and Bob choose pure input quantum states |t 1 , |t 2 , |+ , and |L , which correspond to time-bin qubit preparation methods 1, 2, 3, and 4 shown in Fig. 1(b) , respectively. Thus, they can prepare 16 distinct input states-|t 1 t 1 , |t 1 t 2 , |t 1 + , |t 1 L , |t 2 t 1 , |t 2 t 2 , |t 2 + , |t 2 L , |+t 1 , |+t 2 , |++ , |+L , |Lt 1 , |Lt 2 , |L+ , and |LL -for the C-Phase gate operation. We then performed QPT using those input states run through our C-Phase gate to reconstruct process matrix χ exp defined in Eq. (4).
As we know, the eigenvalues of the physical process matrix must all be positive. However, the eigenvalues of process matrix reconstructed from the experimental data has several slightly negative values, which implies that the process matrix is unphysical [42] . To overcome this problem, we used maximum likelihood estimation (MLE) [42, 43] to obtain the physical process matrixχ shown in Fig. 3(b) . The process fidelity F p in this case was 94.9 ± 5.6% [44] .
Although the physical process matrixχ consists of an input state and C-Phase gate operation, a photonic polarization qubit experiment can fully characterize the gate operation because of the input state provides high state fidelity [27, 28, 42] . Unfortunately, as shown in Sec. IV, our input time-bin state preparation is imperfect, so we needed to separate the imperfections from our C-Phase gate operation. First, we reconstruct the process matrix χ input by using the experimental input states and ideal C-Phase gate operation with QPT. The process fidelity F input is 98.5%. Because the C-Phase gate is perfect, χ input can present the imperfection of the input states. Now, we can successfully separate the imperfection fromχ(χ cphase .χ input ). By compensating the input state imperfection, we were able to successfully characterize our time-bin qubit C-Phase gate itself. Figure 3(c) shows the process matrix χ cphase , and the process fidelity F cphase is 97.1%.
The average process fidelity, which is defined as the fidelity between the expected and actual output states averaged overall pure inputs, can be obtained with the formula F avg = (4F cphase +1)/5 [28, 42, 45] . With our experimental data, we obtained an average process fidelity of 97.7%. This clearly demonstrated the switch was capable of a quantum gate operation. We also estimated the entangling capability (C ≥ 2F cphase − 1) of our timebin qubit C-Phase gate to be 0.94 [46] . It is important to note here that we did not subtract any noise counts when reconstructing the density and process matrices and calculating the fidelity in all our experiments, as is essential in on-line communications systems. 
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VI. TIME-BIN QUBIT ENTANGLEMENT GENERATION BY OPERATING THE C-PHASE GATE
The C-Phase gate can be used to generate maximally entangled states with specific input states, which are |++ , |+L , |LL , and |L+ in the present experiment. For example, supposing |LL = 1 2 (|t 1 t 1 + i |t 1 t 2 + i |t 2 t 1 − |t 2 t 2 ) as the input state for the C-Phase gate operation, the output state is given by
where |R = 1 √ 2 (|t 1 − i |t 2 ). In our experiment, Alice and Bob each chose the input state preparation method 4 shown in Fig. 1(b) . After the C-Phase gate operation has been performed, Charlie and David perform QST and maximum likelihood estimation (MLE) [12, 38] to obtain physical density matrices. The theoretical and experi- mental density matrices after the C-Phase gate operation for target states |++ , |+L , |LL , and |L+ are shown in Fig. 4 [47] . They show high state fidelities that violate Bell inequalities [48] .
VII. IMPLEMENTATION OF A CNOT GATE FOR TIME-BIN QUBITS
The CNOT gate, another important two-qubit logic gate, flips the target qubit if and only if the control qubit is |1 and it can be implemented by cascading Hadamard, C-Phase, and Hadamard gate operation [1] . In accordance with the scheme proposed in [46] and the demonstration given in [49] , we devised a CNOT gate for time-bin qubit operation with our C-Phase gate by employing complementary computational bases. First, Alice and Bob prepare the computational zz basis of the gate |0 z c ≡ |t 1 c and |1 z c ≡ |t 2 c for the control qubit and |0 z t ≡ |+ z t = 1 √ 2 (|t 1 + |t 2 ) t and |1 z t ≡ |− z t = 1 √ 2 (|t 1 − |t 2 ) t for the target qubit [12] , which is equivalent to performing the Hadamard gate operation on the target qubit. At the output ports, Charlie and David perform the coincidence measurement in the zz basis and calculate the input-output probabilities of the CNOT gate operation, as shown in the Fig. 5(a) . The logic fidelity F zz , which is the average probability of obtaining the correct input-output probability, was 96.0 ± 7.2%. We also measured the reversed CNOT gate operation using the complementary xx basis of the gate |0 x c ≡ |+ x c = 1 √ 2 (|t 1 + |t 2 ) c and 
for the control qubit [12] and |0 x t ≡ |t 1 t and |1 x t ≡ |t 2 t for the target qubit, which means the target qubit acting on the control qubit. The experimental result is shown in Fig. 5(b) ; F xx was 97.8 ± 0.6%. These two classical fidelities can be used to place bounds on the quantum process fidelity of the gate [46] as follows:
This means we do not need to perform full quantum process tomography to bound the efficiency of our CNOT gate. From our experimental results, we calculated the process fidelity F CN OT of the CNOT gate for time-bin qubits to be 0.94 ≤ F CN OT ≤ 0.96. This is as expected since our CNOT gate is composed of two imperfect Hadamard gates and an imperfect C-Phase gate. We can also estimate the minimal entangling capability of the logic gate by using the lower bound of the process fidelity [46] . Thus, the lower bound of the entangling capability is C ≥ 0.88, if the minimal process fidelity of the gate is 0.94 [49] . These results confirm that like the C-Phase gate, our CNOT gate works well as an entangling gate.
In TABLE I, we summarize the experimental results for the CNOT gate.
VIII. DISCUSSION
The results described above show that we have successfully realized high-fidelity C-Phase and CNOT gates. However, our experiment had several factors that may have decreased the state fidelity. The fluctuation of the splitting ratio of the 2×2 switch, which arises from the DC bias drift of the lithium niobate waveguide modulator, may cause errors in the QST and fidelity of CNOT gate operation measurements. Moreover, because of the relatively large losses of the interferometers and optical switch, the QST required a long measurement time. In particular, QPT for two-qubit gates requires long measurement time for performing 16 QSTs, and this resulted in increased fluctuation of the C-Phase gate operation for time-bin qubits. Thanks to the PLC interferometers equipped with the additional MZI in the short arm, we were able to reduce the system loss and shorten the measurement time of the experiment. Otherwise, the input states are prepared by connecting different time-bin qubit preparation methods to input ports of the switch as shown in Fig. 1(b) , which also causes system fluctuations. In addition, the accidental coincidence counts caused by dark counts and multiphoton emissions (estimated to be around ∼2% [37] ) from the correlated photon pair generation will also limit the state and gate process fidelities.
In our experiment, the total system loss is around -44 dB, which makes the experimental success probability is ∼0.04% of the theory as shown in Sec. II. If these technical issues can be resolved [50] , we believe that quantum gates with much higher successful probability can be achieved. However, probabilistic logic gates based on postselection will have limited applications in small-scale quantum computation and communication. In particular, our gates will be useful for a quantum repeater based on small-scale error correction [31] .
In [51] , Rahimi-Kashari et al. introduced the possibility of characterizing quantum logic gates with coherent state inputs. While the application of their scheme to two-qubit gates will constitute an important future work, we believe that characterizing our gates using the very states that we use in real applications is an essential task.
We would like to note that the C-Phase gate reported here together with single qubit operations are sufficient for creating any kind of quantum network based on timebin qubits. By using active modulation, the Hadamard gate operation for time-bin qubits may also be demonstrated [52] . The two-qubit gates could also be used to generate multipartite time-bin entangled states such as the GHZ state [53] and cluster state [52, 54] . These technologies may open up new realms of application for timebin qubits.
In conclusion, we demonstrated a C-Phase gate for time-bin qubits by using an active electro-optic 2×2 optical switch. By adjusting the DC bias and RF modulation signal, the switch works as a TDBS operating as one-third beam splitter of the t 2 mode and passing the t 1 mode. Then, we reconstructed the positive processχ matrix by using QPT with 16 distinct inputs and performing MLE. Therefore, we could fully characterize our C-Phase gate for time-bin qubits and the process fidelity was 97.1%. We also generated the time-bin entangled states by launching specific independent input qubits into the C-Phase gate operation. Moreover, we realized a time-bin qubit CNOT gate with a process fidelity greater than 94%.
